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Fig. 1. Vortex cores in 3D fluid flow, such as the CFD simulation of airflow over a delta-shaped wing shown here, are curves in each time step, but trace out
spacetime surfaces over time (orange-yellow color coding). Here, they are visualized in the context of an IVD (instantaneous vorticity deviation) volume
rendering, together with streamlines in a corresponding optimal reference frame at times (a) ¢ = 0; (b) ¢ = 0.3. The Lagrangian evolution of vortex core lines in

spacetime perfectly matches the instantaneous streamlines in the optimal reference frame as well as regions of high vorticity over the entire time interval.

The detection of vortex structures in fluid flow is a crucial task in contin-
uum mechanics and flow visualization. However, vortex detection is an
extremely challenging task that, despite its importance, is not yet fully
solved for 3D unsteady flow fields, due to the complexities introduced by
the time-dependence of unsteady flow. We introduce a generic variational
framework for the computation of optimal vortex cores in 3D unsteady flow
that combines a geometric vortex core model with explicit reference frame
optimization. Instead of focusing on a specific vortex detection criterion,
we use a generically defined Lagrangian that can incorporate different vor-
tex criteria in a unified way. A key insight of our framework is that the
two-manifolds comprising 3D vortex cores in spacetime can be obtained by
solving the Euler-Lagrange equations in a single time step with only one
independent variable. This is enabled by a Lagrangian that is pre-integrated
in time according to the pushforward of the underlying flow. The combina-
tion of temporal pre-integration and solving for the optimal two-manifold
using only one spatial parameter results in an extremely efficient algorithm.
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1 Introduction

The detection and analysis of vortex structures in fluid flow is a
fundamental task across continuum mechanics, aerodynamics, cli-
mate science, and many other scientific disciplines. Vortices are the
drivers of fluid motion, responsible for phenomena ranging from
mixing and drag generation to transport. Despite their ubiquity,
identifying these features in a mathematically rigorous and robust
manner remains one of the most persistent challenges in flow visual-
ization. While the intuition of a vortex as swirling motion around a
core is simple, translating it into a consistent definition that holds up
under time-dependent dynamics, and at the same time is invariant to
reference frame changes, is notoriously difficult. As simulation sizes
grow and unsteady 3D flow fields become the norm in many scien-
tific domains, researchers require methods that are geometrically
precise, physically consistent, and that scale computationally.
Ideally, a vortex core definition should satisfy two rigorous con-
straints [Glnther and Theisel 2018]: It must be objective (i.e., in-
variant to changes of observer or reference frame), and Lagrangian
(i.e., the core moves with the flow). The current state of the art
often forces a trade-off between these properties and computational
efficiency. Classical Eulerian methods, such as the Q [Hunt et al.
1988] or A, [Jeong and Hussain 1995] criteria, respectively, are fast
but lack objectivity as well as the property of being Lagrangian.
To address objectivity, reference frame optimization methods,
such as Generic Objective Vortices [Gunther et al. 2017], optimize a

SIGGRAPH Conference Papers *26, July 19-23, 2026, Los Angeles, CA, USA.


https://creativecommons.org/licenses/by/4.0
https://creativecommons.org/licenses/by/4.0
https://doi.org/10.1145/3799902.3811230
https://doi.org/10.1145/3799902.3811230

2~ Xingdi Zhang, Peter Rautek, and Markus Hadwiger

spatially varying reference frame to make the ow appear as steady
as possible. While this makes local criteria objective, it does not guar-
antee that the extracted features are Lagrangian: Core lines may drift
away from the material path of the uid particles. Conversely, La-
grangian Coherent Structures (LCS) [Haller 2015] provide physical
consistency but typically identify transport barriers (separatrices)
rather than geometrical core lines, and they require expensive dense
particle integration over the entire spatio-temporal domain.

Finding a method that is at once generic, supporting various vor-
tex criteria, Lagrangian, and computationally e cient, remains an
open problem. The primary friction is the complexity of spacetime
optimization: E ciently extracting a feature that is optimal over a
time interval. For example, Dayler and Giinther [2024] is a powerful
variational framework that regularizes features, but vortex cores

lack temporal coherence. Ginther and Theisel [2025] use reference

frames following path lines, which is a strong limitation for 3D ow.

Key Insight. Our key enabler of e ciency is that the temporal
evolution of a vortex as a Lagrangian feature can be fully encoded in
the Lagrangian functionl of a variational problem de ned in a sin-
gle time step. Instead of optimizing spacetime manifolds in 4D, we
utilize the underlying ow and its pushforward to pre-integrate an
energy function along ow trajectories. This projects the behavior of
the ow over a time interval onto a single time step, e ectively col-
lapsing the time dimension of the variational problem. This allows
us to nd vortex cores as optimal spacetime surfaces by solving the
Euler-Lagrange equations in only one time step, using an e cient
spatial solver to obtain results that are optimal in spacetime. How-
ever, pre-integration does not mean that we have to pre-comgute
in the complete phase space for optimization: We pre -integrate on
the y wherever the Lagrangian ! and its derivatives are required.

A Generic Framework. Our uni ed framework can incorporate
arbitrary vortex detection criteria, as one component of a generically
de ned energy function with pre-de ned regularization terms. The
corresponding optimization is then solved via pre-de ned Euler-
Lagrange equations independent of the particular vortex criterion.

Contributions. In summary, our main contributions are:

A generic variational framework for the extraction of vortex
cores in 3D unsteady ow that uni es di erent vortex criteria,
physical consistency, and geometric constraints.

Our geometric vortex core model combines explicit optimiza-
tion of an underlying rigid reference frame with minimization
of the superposed temporal vortex core deformation.

Our temporal Lagrangian energy pre-integration reduces the
4D optimization problem of vortex cores in spacetime to a
spatial variational problem in a single time step.

2 Related Work

Despite extensive research, a rigorous vortex de nition remains
elusive, especially for 3D unsteady ows where time-dependence
complicates steady ow intuitions [Glnther and Theisel 2018; Lugt
1979]. For overviews, see recent state-of-the-art reports [Bujack et al
2020; Gunther and Baeza Rojo 2021; Glnther and Theisel 2018].
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Local Eulerian Vortex Criteria. These criteria commonly analyze
the velocity gradient tensorv , e.g., to nd regions where rotation
dominates strain. Thé&-criterion [Chong et al 1990; Hunt et al
1988]is e cient but susceptible to shear, while the-criterion [Jeong
and Hussain 1995] o ers improved robustness by detecting pressure
minima. Other invariants like the -criterion [Chong et al 1990] and
swirling strength [Zhou et al 1999] focus on complex eigenvalues.
While popular, these region-based methods are threshold-dependent
and lack explicit core lines. Line-based methods, such as Parallel
Vectors (PV) [Roth and Peikert 1998, 1999; Sujudi and Haimes 1995],
extract cores where erv v , but often su er from numerical insta-
bility and noise [Dayler and Gunther 2024]. A major drawback of
Eulerian methods is that they are often not invariant to Euclidean
changes of reference frame [Gunther et al. 2017; Haller 2005].

Reference Frame Optimization. These methods compute Euclidean
or spatially varying frames in which the ow appears steady in an
objective (frame-indi erent) way [GUnther et al2017; Hadwiger
et al 2019; Haller 2021; Theisel et aD21], including Killing elds
on curved surfaces [Rautek et &021], interactive frameworks for
2D and 3D exploration of the space of reference frames [Zhang.et al
2026, 2022, 2025b], and using neural networks [Kim and Glnther
2019; Zhang et aR025a]. Special cases of invariance have also been
explored [Gunther and Theisel 2016; Giunther and Theisel 2019,
2020; Kaszas et.&023]. However, all these methods focus on the
reference frame itself, not explicitly on feature geometry, and they
do not guarantee Lagrangian features [Glnther and Theisel 2025].

Lagrangian Coherent Structures (LCS). LCS are transport barriers,
often computed via nite-time Lyapunov exponents (FTLE) [Haller
2002, 2015; Shadden et2005], which is computationally expensive
and identi es separatrices rather than cores. Lagrangian-averaged
vorticity deviation (LAVD) [Haller et al 2016] integrates instanta-
neous vorticity deviation (IVD) along particle trajectories, giving
an objective scalar eld for thresholding or isocontour extraction.

Vortex Filaments. These structures determined by the vorticity
(curl) vector eld have been studied extensively, from uid mechan-
ics [Sa man 1992] to computer graphics, e.g., visualization using
Clebsch maps [Chern et #2017], preserving vorticity via covector
elds and Lie derivatives [Nabizadeh et.&022] or wave functions
[Chern et al 2016], considering the in uence of domain topology
via cohomology [Yin et al2023], implicit vortex lament represen-
tations [Ishida et al2022], laments in bubble rings [Padilla et.al
2019] or smoke rings [Weiymann et.&014], or modeling ow with
vortex shedding and reconnection [Weiymann and Pinkall 2010].
Vortex dynamics are also studied on surfaces [Zhu et al. 2025].

Variational Feature Extraction. These methods de ne features as
energy minimizers. Dayler and Gunther [2024] recently uni ed
feature extraction in visualization, such as isocontours, ridges, or
vortex cores, within a generic variational optimization framework.
This greatly improves feature regularization, but they only consider
vortex cores at individual times. Our approach similarly builds on
a variational foundation, but uses temporally pre-integrated La-
grangians. This combines coherent Lagrangian behavior, modeled
over spacetime manifolds, with the e ciency of Eulerian solvers.
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4 Geometric Vortex Cores in 3D Flow

Reference Frames. As in previous work [Glnther and Theisel 2025;The rst important ingredient of our generic framework is a consis-

Hadwiger et al 2019; Rautek et &2021], we model reference frames
relative to which ow velocitiesviGe Cére measured by an ob-
server eld, which is a time-dependent velocity eld that we denote
by wiGeC?, given on the same manifold as the input eld viGeC®°.

Euclidean Reference Frames. For physical computations in Eu

clidean space, the observer eld must be an in nitesimal rigid
motion, i.e., the derivative of a rigid transformation, which is a
Killing vector eld. A vector eld wis Killing, if its velocity gradient
tensorrw (the covariant derivative of the vector elav) is anti-
symmetric at all spacetime pointss+ CThat is, for all vectors' ,
hrw1M%e A = 0" The inner producth « iis determined by the met-
ric tensor eld in the ow domain, i.e., for Euclidean spad®® it is

determined by the Euclidean metric. The above relationship must

be ful lled at every pointG 2 R, for any tangent vector 2) gR®.

Flow Field Properties. The ow map (or ow) of avector gls«C°
is the family of di eomorphisms mapping all point& 2 * "
for a given manifold" , from time @ to the corresponding points at

time G following the motion given by. We denote the ow map by

* !q Q)-Cl*o vy
G 7' qg.dG°"

foc )

The ow map is determined by the solution curves corresponding
to the initial value problems g.g'G° = @ of the ODEs
3
= DGO = Vigy.tGoegO”
3CC:qu) ¢ Gprg'Go g
The pushforwardg.c of the di eomorphismgg.ctransforms tan-
gent vectors  to any curve B 7! G1B° 2 ", » =13+3B° G 1B°, via
"gMdec "¢ ="C 3)

In ow visualization, e.g., FTLE computations, the pushforward of
the ow map is known as the spatial (deformation) gradiert g.c

@)

Observed Velocity and Velocity Gradient. For any velocityveld
and a reference frame given by an observer eldwe obtain the
instantaneous observed velocity w°, and the observed velocity
gradienttensortv w° | respectively, relative to the observer eld.

Observed Time Derivative. The observed time derivative [Had-

wiger et al 2019; Rautek et 22021] of the observed velocity eld
v we, relative to the reference frame corresponding to the observer
eldw, is given by the time-dependent Lie derivative

1y Wwo”"

mC

We can compulte this derivative by expanding the Lie derivativg

above using the covariant derivative, computed with the standard

formulathat is valid for any symmetric connection (as the Euclidean

connection) and the corresponding covariant derivative. This gives
— VvV w = —_, nviw®

C mC mC ®)
Like the vector eldsv andw, the corresponding observed time
derivative! « C°v w° s also a time-dependent vector eld dh.

Low (4)

—1ly wo =
C

mv  mw .

tent geometric model for a vortex core in 3D ow.

4.1 Steady vs. Unsteady Flow

Before discussing unsteady ow, we consider the case of steady ow
in detail, because many vortex detectors, including our framework,
build on earlier work primarily aimed at steady ow. Moreover, any
vortex detector for unsteady ow should also work for steady ow.

Steady Flow. Steady 3D ow elds!Ge«C&re characterized by
mv1GeC°smQ@. n this case, we can also denote the eld ByG?9
but later we derive our method independently of whether the ow
is steady or unsteady, writing1G+ Cfor both. For steady ows,
vortex cores are often de ned as speci ¢ curves around which the
ow exhibits in nitesimal swirling behavior, characterized by two
conjugate complex eigenvalues of the velocity gradient tensor
or via the curlr v . Given local swirling behavior, a curve is
often [Glnther and Theisel 2018; Sujudi and Haimes 1995] classi ed
as a vortex core line if, at every point G ZR&n the curve, locally

VIGOerv VIGP () VIG°ealG® () VIG%ee  3lviGo” (6)

The termrv v is the directional derivative of the elds in direc-
tion v, which for steady ow is the acceleratiom of the eld v.

If rv1G©° has complex eigenvaluege », the above condition means
that the ow velocity viG°must be parallel to the real eigenvec-
tor e3 of rv1G° with real eigenvalue 3. However, if the criterion

is true andv1G®° <0, because the acceleration is givend\G° =
_3VvG9%vortex core lines with non-vanishing velocity must be rather
straight [Roth and Peikert 1996]. The underlying issue is that this cri-
terion models the vector eld as locally linear, i.a1~° = rv1G° ~,
with ~ =~ G. A more sophisticated model for bent vortex cores
uses higher-order derivatives of the velocity eld [Roth and Peikert
1998]. These additional derivatives can, however, incur numerical
di culties [Gunther and Theisel 2018]. Vortex core lines that ful I

Fig. 2. Steady tornado. Our method naturally unifies steady and unsteady
flow fields. Our vortex core line (red) in this steady flow field is confirmed
with streamlines tightly swirling around it, and is slightly smoother than
state of the art vortex core extraction in VTK [Schroeder et 2006], which
gives a slightly jagged core line (blue), with pre- and post-filtering applied.
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Fig. 3. Vortex cores as 2-manifolds in spacetime, parameterized BB« C.°
At each timeG a vortex core is a curvB 7! 2:1B? The velocitiess of the
particles comprising the core, as well as are tangent to the 2-manifold.
We decompose the velocity =: ¢!B° Iy, v, w , to be able to minimizet.

vortex core does not move over time. Using by, Eq. 8 becomes

1 0o (O
v 2‘“‘113 C%. aBe gBeCo PBeC”

(11)
However, Eq. 11 is under-constrained for modeling vortex cores:
Although not every surfaceéBsC° 7! 2B Cful lls Eq. 11, by
setting: ¢!B° =0 we can see that any path surface does. The path
surface corresponding to a seeding curve B *R° at time s

2B° _ dec %'B°
c ©

1BeCO 71
BeCo 7! C

12)

This de nition results in a material parameterization of the path
surface, labeling each particle with a xed parametover time.

criteria such as these are often extracted by tracing curves using the Taking the partial derivatives of Eq. 12 gives the corresponding basis

parallel vectors (PV) operator [Roth and Peikert 1999] or variants.
Using an explicit geometric description of vortex cores as smooth
parameterized space curvBs7! 21B° 2 RB 2 Rthey should obey

3 @)

121R00 = -1RO0 __21R0e
v121Bo0 =:1B 3B2 B

Thus, uid particles exactly on the core line must move tangentially
to it. This includes stationary particles, with121B°° = at critical
points ofv. We require the explicit curvd® 7! 21B%o be regular,
i.e.,13.3B°21B° 8. Thus, critical points on the core line must have
:1B° =0, not13+3B°21B° . Comparing to Eq. 6, iv12!B°°has
complex eigenvaluesi* », for :1B° < 0 Eq. 6 is ful lled when
13.3B°21B° «grv121B°°°, For:1B° =0, Eq. 6 is always ful lled.

‘B° 2 R”

m 1RO 1, 1R00e CO
bg!Be C© :qQ)-C I’Bgcb B e iBeCP° :V q(é‘C12]-Q) BO°C¢, (13)

Itis a crucial baseline of our uni ed approach that although our pre-
integration always follows Eqgs. 12, 13, while measuring the (zero)
deformation of a core lin€g*B° = 21Bih steady ow, the second
basis vector will be changed naturally to u = 109 1&f. Sec. 5.1).

5 Method
Our framework consists of the following major components (Fig. 4).

Vortex Core Deformation. In order to de ne a generic framework
that is able to capture the complex time-dependent dynamics of

Unsteady Flow. We can generalize Eq. 7 to unsteady 3D ows, VOrtexcoresinunsteady 3D ows, our rstgoalis to explicitly model,

where mviGeC°smQ@, by de ning that for each timeCa vortex
core is given by a smooth regular cuni 7! 22'B¢ Additionally,
we require that the curves change smoothly with tin@Unlike for
steady elds, even the particles on the vortex core now have to be
allowed to move non-tangentially, to permit the core itself to move
over time. All particles on a vortex core should therefore now obey

VIIBOCO IB° Ta0B° 2uB%  ¢B°2R' (8)

This allows particles to move tangentially to the core line, and at
the same time allows motion of the core line itself via the vec-
tor *memC@B° However, Eq. 8 does not guarantee that the vectors
ImemB&BCandtmemC&aBZCare linearly independent. We will there-

fore de ne a consistent geometric model for 3D vortex cores in both
steady and unsteady elds, as well as for unsteady elds where the
vortex core itself might not move, as 2-manifolds in 4D spacetime.

4.2 \ortex Cores as Spacetime 2-Manifolds

and thus to be subsequently able to minimize, the deformation of a
vortex core over time (Sec. 5.1). To this end, we decompose a given
ow eld v into a sum of three di erent vector elds (Fig. 3):

An underlying rigid motion, as a Killing eldw, which mini-
mizes the observed time derivative on and around the core.
Avector eld: 'B° memR2R%angential to the (unknown)
vortex core, capturing particle motion along the core line,
including possible deformation tangential to the core line.
A non-rigid deformation vector eldw orthogonal to the
(unknown) vortex core, which is the part of the velocity
that is not captured by the sum of the two previous elds.

Optimal Local Reference Frame. We optimize the Killingvefdr
a time-dependent regioh!C°around a vortex core line candidate
(Sec. 5.2). This region can be interactively selected, e.g., using a
vortex lens [Rautek et a2024], or be sampled on a spatial grid
with gradient descent for re nement from grid points to seed points.
Figs. 4 (a,b) depict starting with a spatial search grid of candidate

To model vortex cores as 2-manifolds in 4D spacetime, with space-seed points, and re ning seed point positions by simultaneously

time simply as R R, we de ne smooth parameterized surfaces
20B° , s o
fo 2R* R

BeCo 7! BeC 2 R” 9)

The partial derivatives of Eq. 9 give the basis vector elds (Fig. 3)
m o m o
bgiBeCO=MEC D 4 pBeCO =MD T (10)

Because the curveB 7! 2'BCare required to be regular, the vectors
bge bz are guaranteed to be linearly independent, even when the

SIGGRAPH Conference Papers ‘26, July 19 23, 2026, Los Angeles, CA, USA.

optimizing for a locally optimal reference frame as well as a re ned
seed point position for starting the actual vortex core optimization.

Energy Pre-Integration in Time. A key insight of our framework
is that whatever vortex criterion is employed at any point on a vortex
core manifold, because vortex cores should be Lagrangian structures,
i.e., be advected with the ow, all criteria and their corresponding
energies (Sec. 5.3.3) can be pre-integrated in time according to the
ow map of the underlying ow eld v, to de ne the Lagrangiar
used in our spatial variational problem (Sec. 5.3.2).
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Fig. 4. Pipeline. (a) Given a time-dependent input flow field, we generate candidate seed points on a regular grid. (b) We then refine the candidate positions
through a gradient descent approach: For each candidate seed point, we alternate between estimating the local time-dependent referenee thhame
minimizes the observed time derivative, and refining the candidate position. (c) Once we found an optimal combination of reference frame and seed point,
we integrate a vortex core line in space using our variational approach, solving the Euler-Lagrange equations. (d) Advecting core lines by the flow gives the
corresponding spacetime surfaces. (e) Vortex core manifolds visualized together with streamlines in the optimal local reference foegch vortex core.

We note that pre-integration in our context refers to the fact The deformation vector eld models the deformation d8 7! 2:'B°
that the Lagrangiari does not depend on time. We do not actually superposed on an underlying Killing elev, which, in general, is
need to pre-compute or storefor the entire phase spackge, but not tangent to the path surface (Eq. 12). Becauisetangent, this
pre -integrate on the y wherever! or its derivatives are required.  requires the elduto compensate. To only take into account the de-
formation not tangential to the curve, which is already accounted for

Variational Problem. Because we de ne a Lagrandiaesulting in the factor: ¢'B®n Eqg. 14, we are allowed to impose the condition

from energies that are pre-integrated in time, we can employ a
phase space (Sec. 5.3.1) that corresponds to spatial cBrvéeg; B 12180 CO '?Té&B"" (16)
instead of to spacetime surfacéBeC° 7! {2B°% C@and e ciently m

solve one-parameter Euler-Lagrange equations to obtain the optimal Now, since the deformation vector elé¢r=u w (Eq. 15) is orthog-
curves that correspond to optimal spacetime surfaces (Figs. 4 (c,d)).onal toB 7! 22'B? and because the observed velooityw must
dbe a linear combination ofmemB&BC°andu (Egs. 14, 15), we can

Vortex Core Spacetime Manifolds. Once a vortex core is obtaine erive that we can in fact compute without knowing the eldu via

as the spatial solution curvB 7! 2;*B%f the Euler-Lagrange equa-
tions at time G (Fig. 4 (c)), the corresponding spacetime surface t®'2'B%C°="1u V‘I/;&B"'CO = c
(Fig. 4 (d)) is simply determined by advecting the cuB&! 2;'B° Jn ImemB&B°
through time according to the ow map of the ow eldv (Eq. 12). VOWOR2GIBOCO v WOR2CBO Cle gcBO KIm-mBEBOR
a7
. | o This also shows that the optimal choice farin Eq. 15 would give
We want to measure the deformgnon of the curtze7! Z'B°over an observed time derivative that is zero or tangentialBo7! 2:'B¢
time, such that only the deformation component orthogonal to the because then a core line aligned with w_will not have to deform.
curve is measured, while the deformation component tangential to However, before the actual optimization we do not knd@v7! 24B°

it is not taken into account. The motivation is that our vortex core and therefore we minimize the observed time derivative (Eq. 19).
c_ie nition should allow unrestric?ed motion tangential to vortex core We note that the last vector components in our spacetime equa-
lines, for example due to physical e ects such as vortex stretching. - jons naturally identify objective vectors (last comp.0) vs. (non-

. Since a ma_terlal parametenzanon (EQ. 12) resultsdtB° =0, it objective) velocity vectors (last comp.1). Thus, minimizing the
hides tangential motion along the vortex core. To be able to measure deformation of the curved 7! 22B°via the magnitude of the de-
the deformation of vortex core lines, we thus require a more suitable ¢ 00 Vectore is objective, and in any reference frame comes

basis at each poinB+ CSf the path surface, allowing us to de ne as close as possible to the steady case where a vortex core cannot

that_a particle is movinlg qlonglthe core Li]ne if and onIyd}Ela: <0. _deform non-tangentially. Moreover, we minimize the magnitude of
We introduce a new velocity eldu, and change Eq. 11tothe basis o vector elde=u w using only the eldsvewin Eq. 17 (Fig. 3).

VIEBOCO, o, MBS uiZiBOCY . _
1 = 0o - 1 5.2 Locally Optimal Reference Frames and Seed Points
The velocity eld u (see Fig. 3) models the motion of the vortex core Figs- 4 (a,b) depict our approach to start with a grid at tigeo

itself, whereas the remaining term withc:B°models the motion of ~ initialize a set of candidate points. At each point, a local reference

particles along the vortex core. We further decompose the eld u as framew is computed that minimizes the observed time derivative
within a spatial region* 1C°that is advected with the point over

UiZ'BCo oiB®C wiZ'B%CS (15)  timeC 2 »§) %A vector eld vG+08 steady with respect to some
1 0 1 reference frame, given by a eld'G+CH at all pointsG 2 R, and

5.1 Vortex Core Deformation

(14)

SIGGRAPH Conference Papers '26, July 19 23, 2026, Los Angeles, CA, USA.



6 ~ Xingdi Zhang, Peter Rautek, and Markus Hadwiger

Fig. 5. Solving the Euler-Lagrange equation with unit tangent vectors

of the curveB 7! q*B? kagk = 1, which are points on the manifol&?. Thus,
¥2) ¢S ie., embedded iR%, &? @ We solve the Euler-Lagrange equa-
tion for ¢ by further exploiting that *m!eng® ? @ and using B *m!smq).

for all times C, the observed time derivative (Eq. 4) vanishes, i.e.,

— Vv w 1GC°=0"

C

If the eld w =0, Eq. 18 becomes timevemC G-of a steady vector
eld. For a general unsteady ow eld viG+C®°, and a Killing eldw

(18)

generating a Euclidean reference frame, Eq. 18 usually cannot be

ful lled exactly over a nite region. We thus aim to nd the Killing
eld w that minimizes the observed time derivative integrated over

aregion *1C° and a time interval C 2)@.. We determine w by

1)1 2

WG+ C° = argmjn o < vV w1GeC°3G3C”
All candidate points are then Itered using their locally optimal
reference framev and a threshold-based Iter for IVD and the
Sujudi and Haimes [1995] criterion in the observed eldv w.

The remaining points are considered seed poigig° 2 R.
We then re ne their positions via gradient descent to decrease the
Lagrangianitge g= B° (Eq. 22) using the current eldv. Since the
locally optimalw depends on the position of the seed point, and vice
versa, we alternate between optimizing the eldand the position
of the seed point, similar to Rautek et al. [2024], until the position of
the seed point converges to the re ned point with its corresponding
optimal reference framw. Both the position and reference frame
are used to solve the variational problem. See Appendix C for details.

(19)
*1C0

5.3 Optimal Vortex Cores

We want to compute a vortex core as the optimal path surface that is
a spacetime 2-manifold given by Eq. 12. For the optimization, we
will denoteq*B° =2 *B? In our framework, we compute an optimal
curveB 7! g'Bt one chosen tim&, but it will nevertheless be
optimal over a chosen (pre-)integration time intervab»)&a.

5.3.1 Phase Space. We de ne a Lagrantfiang Bin the phase
space R S?2 R. The Lagrangian is a scalar cost function

I:R® S?2 RIR-
1geqe BO 7! 11qege BO”

Here,q 2 R® corresponds to a spatial point on a core liBe7! qB°
attime G, andg 2 S corresponds to a unit tangent at that point.
To facilitate the latter, we will work with an arc length paramet&

(20)
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An optimal vortex core is then de ned as the minimizer of

1
Bmax

(»q1BOY4 :Eb 111B OB B 3B" @1)

To simplify computing the minimizeB 7! gq'B°we will partially
work in local spherical coordinatesle \« g°relative to each unit tan-
gent@, in particular for computing derivatives o8?, and transform
to global Cartesian coordinates 1G+~¢|° on the y. See Fig. 5.

5.3.2 Lagrangian. Since the Lagrangian ! is de ned for all spatial
points g and all possible unit tangent vectorg and a vortex core
manifold must be a curve advected by the ow, we observe that
it is not necessary to solve 2-manifold Euler-Lagrange equations
with independent parameter&dBe CSince we speci cally want to
minimize the integral of an energy term over a path surface (Eq. 12),
we can de ne a Lagrangian with only one independent parameBer
1
)

Qe B = dgrCq'B % gc ' B BC” (22)
)

The energy does not explicitly depend on the (arbitrary) curve
paramete which is therefore also true for the Lagrangidn How-
ever, for unsteady ow eldsv the energy does depend explicitly
on time G although the Lagrangiah of course does not. We note
that Eq. 22 weights the energy over each curv3 7! 2'B%%qually
as for the curveB 7! 2;'B2with (»q'B°Ultimately including the arc
length of the optimized curv@® 7! Z;'BS independent of whether a
core line stretches or contracts over time. If this equal weighting
were not desired, thet « « Cterm would have to be multiplied by the
area element of a spacetime surface, which heredg,.c *¢*B°°.

5.3.3 Energy. In order to trace vortex coBe§! 2;'B9@ xed, we
de ne the energy determining the Lagrangiah via integration
using Eq. 22 by (with relative optimization weightse® 3¢ "A 2 R)

1ce e CO ketlce @e €2, " ,1ice e CO |

23
"3 kJiceCR? | akXlice me & @3)

Fig. 6. Vortex ring core line extraction in an unsteady field, created
from an analytical model of a steady, but spinning vortex ring (Roth
and Peikert [1996]) observed in a moving reference frame. Blue core line:
VTK [Schroeder et aR006]. Red core line: Our result shows close alignment
with the swirling streamlines visualized in the moving reference frame.



Generic Variational Spacetime Optimization of Vortex Core Manifolds ~ 7

Fig. 7. Spacetime surfaces of vortex cores in a von Karman vortex street behind an obstacle (CFD simulation) provide a comprehensive, continuous
visualization of vortex shedding. Where conventional volume visualizations of the IVD field (insets) are o en fuzzy and ambiguous, our method extracts
precise geometric manifolds. Streamlines rendered in the co-moving frame confirm the tight alignment of our vortex cores and instantaneous fluid flow
pa erns. The blue and green arrows highlight two vortices and their corresponding streamlines at time (a) C = 8”5, and (b) C =9, respectively.

We de ne the individual energy terms (cf. Egs. 6, 17, 18)
T
tice e C° =1y wOlceCOly wOlceCPOe .
F@R

Itce me C° = generic objective scalar vortex criterion to minimizee

Jice OZE V W 1ceCO

”

ek

(24)
The terml is any objective scalar vortex criterion to be minimized,
such aslVD (the negation of instantaneous vorticity deviation)
at the pointc 2 R, In fact, if I1ce e C°® = [VDce CEq. 22 will
automatically computeLAVD [Haller et al 2016]. We note that
usingl = kr v w°k is similar and also objective. For ternhs
that depend ong only ®ek® knust be used. The terrX is used
for regularization, to make sure there is a known preferred tangent
direction (the real eigenvectass) for the vortex line in case w = 0.

Xicege CO zlglv wOlce CO°

eslrlv WPO1lce C0% i k

5.3.4 Solving the Euler-Lagrange Equation. To solve for the curv
B 7! g'BPwe obtain the minimizer of the action in Eq. 21 by solving
the corresponding Euler-Lagrange equation with arc length param-
eterization constraint enforcingek =1, which is (see Appendix A)
m 3 ml 3
mq 3Bng 3B
Equivalent to using a Lagrange multiplier with corresponding de-
rivative 13+3B°_1B° = 11+2° Imlem@§, we can write Eq. 25 as
] ]
p,m 3 m
mq 3Bnu

12 g0 =0" (25)

2_4¥=0 (26)
The operator B =11 @@ © projects into the plane perpendicular
to the unit tangentq. As derived in Appendix A, because our La-
grangian ! is independent of &k, we can solve Eq. 26 in the plane
perpendicular tog (Fig. 5). At parameter positioB with 1gegP1B?

e

we rst construct a right-handed orthonormal framegjb,jbs , and
then solve forg'B° at that position by solving Eq. 26 explicitly as

¥BO= bojby H,2 1BOP2 by T v )
M 1qugorgo

We compute the curv® 7! qBby integrating this second-order

ODE using a fourth-order Runge-Kutta (RK4) integrator. All partial

derivatives in the 2 2 Hessian matrixH are evaluated aty in

spherical coordinates (Appendix A). The scalar Lagrange multiplier

function _1B° provides additional (optional) regularization if _ j 0.

6 Results and Evaluation

Our variational framework is implemented in C++ with an OpenGL-
based renderer. Detailed implementation notes, pseudocode, and
performance analysis are given in Appendix C.

Fig. 1 provides an empirical validation of our framework using
the Delta Wing dataset, a scenario characterized by strong shear
and vortex breakdown. Eulerian frame-by-frame extraction meth-
ods fail to ensure material coherence and su er from topological
instabilities. In contrast, our result demonstrates a drift-free space-
time surface that preserves topology. By solving the Euler-Lagrange
equations for the pre-integrated energy Lagrangian, we ensure that
the extracted spacetime manifold describes the same physical set
of particles throughout the time intervai0-0"3v4 The strict align-
ment between the spacetime surface (red-yellow), the instantaneous
streamlines (visualized in a co-moving reference frame), and the
instantaneous vorticity deviation (IVD) volume, con rms that our
method successfully identi es a feature with high geometric delity
and persistence, a result that was previously not possible without
computationally expensive 4D global optimization methods.

Fig. 2 evaluates the spatial quality of the extraction in a steady
vector eld using the SteadyTornado3D dataset. Our framework
uni es steady and unsteady ows without special case treatment,
which is not only important for steady elds but also for elds with
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Fig. 8. Baseline comparison of VTK/parallel vectorsH = 0), VDE [Glinther and Theisel 2025], and our method, showing results on two time steps of the Delta
Wing CFD simulation. (a)C =0 shows the first time step and the extracted core line results from the three di erent methods together with streamlines in the
co-moving reference frame. (K8 =0"3 shows how the spacetime surfaces of the core lines evolve computed with VDE [Giinther and Theisel 2025] and our
method. Only our method extracts the core line at the tip of the vortex. We verify that at the tip of the vortex a swirling motion is present by transforming the

streamlines into a reference frame that moves at the same speed as the tip of the vortex. The insets (c) and (d) show the highlighted regions with streamlines

closely swirling around the vortex core line. This confirms that our method is able to correctly extract the full core line over the entire time interval.

restricted forms of unsteadiness. In contrast, the recent method of
Gunther and Theisel [2025] is not well-suited for steady ow elds,
because reference frames are forced to follow path lines of the input
eld, which, as in the case of the steady tornado dataset, can prevent
successful core line extraction. Moreover, standard local extraction
algorithms, such as the Parallel Vectors (PV) operator implemented
in the Visualization Toolkit, VTK [Schroeder et.®#006], process
grid cells independently. This often leads to discretization artifacts,
resulting in jagged vortex core polylines (shown in blue) that require

aggressive post-processing to be visually acceptable. Even with pre-

smoothing of the data and post-smoothing of the geometry, the
VTK result fails to capture the continuous nature of the vortex core
line. In contrast, our variational framework treats the core line as
a continuous curve minimizing a global energy functional. This
formulation inherently acts as a geometric regularizer. By solving
for the energy minimum, our method produces a smooth, di er-
entiable curve (shown in red) that naturally resists grid-induced
noise without the need for ad-hoc Itering parameters. The zoom-in
con rms that this smoothness does not come at the cost of accuracy.
The core line remains perfectly centered within the tightly swirling
streamlines (shown in white), o ering a precise and smooth result.

The analytical vortex ring shown in Fig. 6 serves as a ground
truth benchmark for the comparison of curved core lines (Roth
and Peikert [1996]) extracted with our approach (red) and standard
techniques available in tools like VTK (blue). Standard local methods
typically rely on the parallel vectors operator, which assumes locally
straight vortex tubes. This assumption holds poorly for bending
core lines, causing the extracted geometry (blue) to systematically
deviate from the physical center of rotation due to the curvature of
the ring. In contrast, our variational method (red) minimizes a global
energy functional, making it robust to high curvature. It accurately
recovers the exact center of the ring, aligning perfectly with the
streamlines in the co-moving reference frame.

In Fig. 7 we demonstrate the capability of our method to capture
and visualize the lifecycle of vortices in a vortex street with the ex-
tracted spacetime surfaces. We show the results of our method on a
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CFD simulation of a von Karman vortex street behind a half-cylinder
obstacle. Unlike traditional volume rendering (of the IVD eld in
the insets of Fig. 7), which su ers from ambiguities and fuzzy re-
sults, our method extracts a precise geometric representation of the
vortices as continuous spacetime surfaces. Our spacetime manifolds
allow for the simultaneous visualization of vortex formation and
advection. The Lagrangian consistency of the extracted geometric
structures is validated by the tight alignment of the core lines with
the instantaneous streamlines visualized in the co-moving reference
frame. The vortices marked by the blue and green arrows highlight
corresponding vortex structures at di erent times. This con rms
that our pre-integrated variational formulation correctly and coher-
ently over time identi es the vortex structures and highlights the
bene t of our method over direct volume visualization methods.

In Fig. 8, we evaluate the topological completeness of our core
line extraction against two baseline methods: A standard local Par-
allel Vectors (PV) operator (via VTK) and the recent state-of-the-art
method by Ginther and Theisel [2025] based on the Vortex Devi-
ation Error (VDE). The Delta Wing dataset presents a challenging
scenario where the vortex core exhibits spatially varying convection
velocities. For instance, the tip of the vortex travels downstream at
a di erent speed than the stable leading edge. As shown in Fig. 8 (a),
the local PV method yields a fragmented and truncated core line,

Table 1. Streamline winding numbers (averaged over five time steps;
higher is be er) around vortex cores verify the local rotational behavior. Our
method closely matches the ground truth. A - indicates either steady flow
(when VDE is 0 en not applicable) or where the ground truth is not known.

Dataset Fig. | VTK | VDE | Ours | Ground Truth
Deltawing3D 1,8/ 059 | 213 | 292 | -
SteadyTornado3D 2 2.96 | - 2.96 | 2.96
VortexRing 6 1.87 | 1.88 | 1.88 | 1.88
Cylinder3D 7 199 | 225 | 223 | -
TrefoilKnot 10 | 19.86| 20.02| 21.01 | -
FourCenters3D | 11 | 6.34 | 7.22 | 7.22 | 7.22
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